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Abstract

Recent years have witnessed new innovation in Bayesian techniques to adjust for unmeasured
confounding. A challenge with existing methods is that the user is often required to elicit
prior distributions for high dimensional parameters that model competing bias scenarios. This
can render the methods unwieldy. In this paper we propose a novel methodology to adjust
for unmeasured confounding that derives default priors for bias parameters for observational
studies with binary covariates. The confounding effects of measured and unmeasured variables
are treated as exchangeable within a Bayesian framework. We model the joint distribution of
covariates using a loglinear model with pairwise interaction terms. Hierarchical priors constrain
the magnitude and direction of bias parameters. An appealing property of the method is that
the conditional distribution of the unmeasured confounder follows a logistic model, giving a
simple equivalence with previously proposed methods. We apply the method in a data example
from pharmacoepidemiology and explore the impact of different priors for bias parameters on

the analysis results.
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1. Introduction
1.1 Unmeasured confounding in pharmacoepidemiology

Bias from unmeasured confounding figures prominently in pharmacoepidemiology, which is
concerned with improving our understanding of the effectiveness and safety of medications.
A typical pharmacoepidemiology study compares outcome response rates in patients who were
prescribed a medication with those that were not. Study findings are often biased without careful
adjustment for the factors that influence prescribing. Unfortunately, control of confounding
is notoriously difficult because medication prescribing is intimately connected to the disease
process that determines the study outcome. The myriad of patient characteristics that influence
prescribing can act as powerful confounders and bias effect estimates in a manner that is difficult
to predict. Epidemiologists call this confounding by indication because the confounders are the
clinical indications for treatment (Schneeweiss, 2006).

In this paper, we revisit the example of an observational study of the effect of beta blocker
therapy on mortality among British Columbia heart failure patients (McCandless, Gustafson and
Levy, 2007, 2008). We have healthcare administrative data for 6969 patients discharged from
hospital in 1999 and 2000 after treatment for heart failure. We followed them for one year and
1755 died. Interest lies on the association between beta blocker therapy and mortality, but the
data only provide basic information on the many possible confounders. A total of 21 covariates
are available in the data, including patient characteristics, comorbidities and prescribing of
cardiovascular therapies. See Table 1 for a complete listing.

Let X and Y denote binary variables modeling the treatment and outcome variables respec-
tively. We set X equal one if the patient was dispensed a beta blocker within thirty days of
hospital discharge, and zero otherwise. Similarly, we let Y denote an indicator variable for death
within one year of hospital discharge. We let C' = (C},. .., C,) denote the p = 21 dimensional
vector of covariates listed in Table 1. In pharmacoepidemiological studies of cardiovascular ther-

apies, interest centers on confounding induced by the various patient illnesses. The vector C



includes ¢ = 9 comorbidity indicator variables measured at baseline including cerebrovascular
disease (CVD), chronic obstructive pulmonary disorder (COPD), hyponatremia (HYPNAT),
metastatic disorder (MTSTD), renal disease (MSRD), ventricular arrhythmia (VENTRAR),
liver disease (MLD), malignancy (MALIG), and shock (HPTN).

To estimate the association between X and Y while adjusting for C', we fit the logistic

regression model
logit[Pr(Y =1|X,C)] = a+B8X+€7C. (1)

Section A of Table 2 gives log odds ratio estimates and standard errors for the treatment effect
(B and selected components of the parameter vector & = (&,...,&) corresponding to the
association between the ¢ = 9 comorbidity variables and mortality. The quantity 8 models the
association between beta blockers and mortality and is estimated as -0.32 with standard error
0.08, suggesting that beta blocker therapy reduces mortality. The corresponding odds ratio
exp(-0.32)=0.72 roughly agrees with estimates reported from randomized trials of beta blockers
and heart failure (Foody, Farrell and Krumholz, 2002).

Nonetheless, there are concerns about possible unmeasured confounding in this analysis. The
analysis uses healthcare administrative data and it is unclear whether or not we have succeeded
in adjusting adequately for patient illness and disease severity. In North America, patients with
multiple comorbidities are less likely to be prescribed cardiovascular therapies (Glynn et al.,
2001). When providing care for the elderly and very ill, physicians are less inclined to manage
long term risk of cardiovascular events because they are focussed on treating more immediate
health problems. Consequently, patients treated with beta blockers may have lower baseline
mortality risk simply because they are in better health. Thus the point estimate of 5 may be

biased due to confounding from unmeasured variables.

1.2 Bayesian Adjustment for Unmeasured Confounding and the Challenges of

Prior Elicitation for Bias Parameters



A typical sensitivity analysis for unmeasured confounding posits the existence of a unmea-
sured binary variable U which confounds the association between X and Y. Parallelling existing
modelling frameworks (e.g. Rosenbaum and Rubin, 1983; Lin, Psaty and Kronmal, 1998; Yana-
gawa 1984, McCandless et al. 2007, 2008; Greenland, 2005), we can extend equation (1) to

model the joint density P(Y,U|X, C) = P(Y|X, C,U)P(U|X, C) where

logit[P(Y =1|X, C,U)] = a+8X+&7C +\U (2)

logit[P(U = 11X, C)] = X+ ' C, (3)

and v = (vx, vc). Equation (2) includes U as a covariate in the regression model for the
outcome. The quantities (A, vv) are bias parameters because they model information about
unmeasured confounding. The parameter A models the association between U and Y, while the
quantity 7 captures the associations between U and (X, C).

Equation (3) does not include a regression intercept term, and therefore assumes that the
baseline prevalence of U is equal to 50%. In practice this has negligible impact on the results
of sensitivity analysis because confounding from U is induced by differences in the prevalence
of U over covariate levels. See McCandless et al. (2007), Rosenbaum and Rubin (1983) and
Lin et al. (1998) for empirical results that investigate sensitivity to beliefs about the baseline
prevalence of U.

The variable U is completely unmeasured. Consequently, the data provide no information
about either A or -, and the model is nonidentifiable. But nonidentifiability does not preclude
Bayesian model fitting if additional sources of information are incorporated. Recent years have
witnessed the development of numerous techniques for Bayesian adjustment for unmeasured
or partially measured confounders. See for example Greenland (2005), Molitor et al. (2009),
Jackson, Best and Richardson (2009) and McCandless et al. (2007, 2008). A Bayesian strategy
would start by assigning proper prior distributions to model parameters that translate beliefs
about the magnitude and direction of confounding by U. Bayes Theorem provides a mechanism

for model fitting which synthesizes the data with prior information about bias. We study the
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posterior distribution for the treatment effect § integrating over the unmeasured confounder U.
Posterior credible intervals for the treatment effect account for uncertainty in the amount of
bias from unmeasured confounding in addition to random error.

A difficulty with this estimation procedure is eliciting satisfactory prior distributions for the
(p+ 1) x 1 vector of bias parameters «. Whereas the parameter \ is an easily interpretable
scalar, the vector = is more complex and describes the manner in which U is distributed within
levels of X and C'. In many applications it is burdensome to obtain reasonable prior guesses
for v. The multiplicity of different bias scenarios also complicates sensitivity analysis where
results are presented using large tables.

To mitigate this problem, virtually all published methods to adjust for unmeasured con-
founding assume that the unmeasured confounder is independent of measured confounders,
conditional on treatment. See Lin et al. (1998), McCandless et al. (2007, 2008), Greenland
(2005), Rosenbaum and Rubin (1983) for examples and Herndn and Robins (1999), Vander-
Weele (2008), Fewell, Smith and Sterne (2007), Schneeweiss (2006) for discussion. In the beta
blocker data example, the conditional independence assumption is written as U 1. C'|X and
forces y¢ = 0 in equation (3). Intuitively, we assume zero correlation between U and C' within
treatment levels. To model confounding from U, the analyst is only required to elicit plausible
values for A and vx.

VanderWeele (2008) and Hernan and Robins (1999) argue that it is unrealistic to assume
zero correlation between measured and unmeasured confounders (i.e. force yv¢ = 0). Fur-
thermore, epidemiologists have shown that such assumptions give inferences from sensitivity
analysis are overly conservative (Fewell et al., 2007; Schneeweiss 2006; Joffe 2001). Fewell et
al. (2007) study the bias induced from unmeasured confounders that correlated with measured
confounders. They demonstrate that high correlations tend to reduced unmeasured confound-
ing. Epidemiologists are generally careful to collect data on confounders. When adjusting for

measured variables, they may inadvertently adjust for a constellation of unmeasured variables



because they are correlated with one another. Covariate adjustment induces homogeneity in the
distribution of unmeasured variables across treatment levels, and this reduces bias. Thus one
can argue that forcing v¢ = 0 in sensitivity analysis may exaggerate the uncertainty from bias.

Returning to the beta blocker example, we attempt to elicit judgments about plausible values
for A and ~. Section B of Table 2 presents the results from fitting a loglinear model by maximum
likelihood to the 2 x 2 x ... X 2 contingency table of cell counts over all combinations of X and
the ¢ = 9 binary comorbidity variables that are included in C' = (C4,...,Cy). The regression
model includes 10 main effects and all (120): 45 pairwise interactions. Section B contains point
estimates and standard errors of the interaction terms in the loglinear model, which correspond
to pairwise log odds ratios for associations between combinations of variables. Elements denoted
“NA” indicate terms that must be dropped from the model due to sparsity in order to obtain a
valid maximum likelihood estimator. Section C of Table 2 gives the marginal prevalences of the
variables.

Table 2 suggests that the comorbidity variables are confounders for the effect of X on Y, and
furthermore, that they are correlated with one another. Most of the variables show associations
with X and Y. Furthermore, evidence from the literature indicates that they are predictors of
mortality in heart failure patients and they influence prescribing of cardiovascular therapies in
Canada (Polanczyk et al., 1998; Glynn et al., 2001 ). Therefore they induce confounding. But
the comorbidities are also correlated with one another. Figure 1 plots the empirical distribution
of the log odds ratios in Section B of Table 2. The sample mean fi, is equal to 0.71 and this
means that, on average, the log odds ratio estimates are greater than zero. In the beta blocker
data there is a segment of patients that very sick with numerous comorbidities.

Table 2 illustrates that it may not be make sense to force & = 0 in sensitivity analysis.
In the beta-blocker data we are concerned about confounding from unmeasured indications of
disease. In formulating judgments about the unmeasured U, it is possible that U is correlated

with C'. Thus analytic adjustment for C' may remove much of the unmeasured confounding.



But how much does it matter? And how are we to formulate a prior distribution for the
bias parameter 7 Are we being conservative by forcing 4v¢c = 0 in equation (3)7 If so then
we might expect that admitting uncertainty in v¢& would decrease the posterior variance of the
treatment effect 3. The vector = is high dimensional, and we suspect that the components of
7 o are non-zero. Nonetheless it is not obvious how to formulate plausible judgments about the

relationship between U and each of (4, ..., C,.

1.3 Plan of the Paper

In a recent series of papers, McCandless et al. (2007, 2008) and Gustafson et al. (2009)
describe procedures for assigning default prior to bias parameters to adjust for unmeasured
confounding. By default we mean that the analyst need only supply modest prior input about
the nature of unmeasured confounding. The analysis techniques model the confounding effects
of (U, C) on X and Y as exchangeable within a hierarchical Bayesian framework. The bias
induced by U and C' are assumed to be similar in magnitude. Thus the analyst can learn about
unmeasured confounding from measured confounders.

The approach of McCandless et al. (2008) ignores the bias parameter & completely and
focuses on the relationship between Y, X and U. In contrast, Gustafson et al. (2008), proposes
a methodology that assigns priors for the correlation between measured and unmeasured con-
founders. The approach is applicable in settings with continuous covariates, such as in Fewell et
al. (2007), but it cannot be used directly in the beta blocker data, which has binary confounders.

The present article describes a new methodology that adapts the work of Gustafson et al.
(2009) to accommodate studies with binary covariates. We model the joint distribution of
(X, C,U) using a loglinear model with pairwise interaction. Hierarchical priors allow the in-
vestigator to borrow information from C' in order to learn about bias from U. The method
has the appealing property that conditioning on (X, C') yields a logistic model for unmeasured

confounding that is identical to that of McCandless et al. (2007, 2008) and Lin et al. (1998).



Section 2 describes the method including the model, prior distributions and posterior computa-
tion using Markov chain Monte Carlo (MCMC). In Section 3, we apply the method to the beta
blocker data. A key objective of this article is to investigate the impact of the prevailing ap-
proach to sensitivity analysis which assumes zero correlation between measured and unmeasured
confounders. We contrasts the results using degenerate zero mass priors that force vo = 0.
Following the logic of Fewell et al. (2007) and Schneeweiss (2006), we illustrate that when U
and C' are highly correlated, then confounding from U vanishes. Setting vc = 0 gives results

that are more conservative. Section 4 concludes with a discussion.

2. Bayesian Adjustment for Unmeasured Confounding

2.1 Model
We model the joint probability density P(Y, X, C,U) = P(Y|X, C,U)P(X, C,U) as

logit[Pr(Y =1|X,C,U)] = a+8X+¢7C+\U (4)

exp{oxX + ¢pc’ C +1xXU + ¢ " CU+ pxTCX + pc”(C @ C)}
Q(o,v,p)

P(X,C,U) ()

where ¢ = (¢x, ¢c) and p = (px, pc). The quantities px and ¢¢ are vectors of length
p and p¢ is a vector of length (’2’) The quantity C' @& C' denotes the vector of length (1’2)) of

pairwise products among the p components of C' = (C4,...,C,). In other words,

C ) C = (CIOQa C(1613 7"')010;0’
C126257 C'26147 ) C2Cp7

Cp1C,).

Equation (4) is identical to equation (2) and models the response surface over levels of
measured and unmeasured confounders. Equation (5) is a loglinear model with main effects and
pairwise interactions (Gelman et al., 2004). The parameters 7, and . model the associations
between U and X and between U and C' in exactly the same manner as equation (3). In fact, if

we take P(X, C,U) from equation (5) and condition on (X, C'), then P(U|X, C') is equivalent



to equation (3) because of the well known connection between logistic and loglinear models
(Gelman et al., 2004). This gives an appealing equivalence between equations (4) and (5) and
the previously proposed models for unmeasured confounding given by McCandless et al. (2007,
2008), Lin et al. (1998). See also the model of Rosenbaum and Rubin (1983).

In equation (5), the parameters ( px, pc) model the pairwise associations among the com-
ponents of (X, C). The quantities (¢x, ¢¢c) govern the baseline prevalences of (X, C). In
keeping with equation (3), we do not include a main effect for U, which implies that U has
a baseline prevalence of 50%. The denominator Q(¢, v, p) is the constant of normalization
and is a summation of the numerator of equation (5) over the support of the binary (U, X, C),

which is a set with 2772 elements.

2.2 Prior Distributions
Building on reasoning by Gustafson et al. (2009) and McCandless et al. (2008), we treat
the confounding effects of U and C' as exchangeable within a hierarchical Bayesian framework.

For the response surface model in equation (4), we assign a flat prior to the intercept a and

AB, € ~ N{0,03} (6)

af\ ~ Inv-x?2 {VO = 10_3,0(2) = 10_3} ,

in order to reflect the notion that the effects of (X, C',U) on Y are similar in magnitude. The
LHS of equation (6) refers implicitly to the components of €, and Inv-x*{.} is an inverse x>
distribution. The variance parameter o3 shares information between (X, C') and U. If o3 is
small, then this shrinks the posterior for A towards zero giving less pessimistic conclusions about
unmeasured confounding.

In equation (5), we assign flat priors to the prevalence parameters ¢. Eliciting a prior
distribution for v = (yx, ¢ ) is more challenging because it includes p+1 different parameters.

Building on the discussion of Table 2, we use the estimates of p to guide the prior for v. We
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assign

v, p ~ N{p,o} (7)

(ty,02) o N-Inv-x*{pg = 0,05/ko = 10%, 9 = 107%, 05 = 107°},

where the LHS of equation (7) refers to the components of 4 and p, which are vectors of length
p and (})+p, respectively. The density N-Inv-y*{.} is normal inverse x? distribution (Gelman
et al., 2004). This prior distribution models the pairwise associations among (X, C,U) as
exchangeable a priori. The parameter p, models the mean level of correlation between the
measured and unmeasured confounders on the log odds scale, while 03 captures the dispersion.
Recall that Figure 1 gives a sense of the magnitude of ~ for the beta blocker data. Because
the associations among comorbidities are large, we reason that ~¢ may be non-zero. The
hierarchical model in in equation (7) formalizes this idea. It uses estimates of p to guide
the prior for . On a more intuitive level, we can view equation (7) as using the empirical
distribution in Figure 1 as an independent prior for each component of ~.

An advantage of the prior formulation in equation (7) is that it stabilize estimates for p. In
Section B of Table 2, we saw that maximum likelihood estimation may fail because of sparse
cell counts in the loglinear model for the joint distribution of (X, C'). The variance parameter

2

o, shrinks the interaction estimates towards a common mean and this improves estimation.

Further illustration is presented in Section 3.

2.8 Model Fitting and Computation
Denote the data as data = {(V;, X;, C;);i = 1,...,n}. If U were measured, then the

likelihood function would be

n

L(aaﬁvga)‘7¢77a X H Y‘XMC%UZ) (Xiycian)

1=

—

ﬁ exp{Vi(a + BX; + £' C; + AU}

Pl 1+exp{a+ 8X; + €7 C,+\U;}

exp{oxXi + o Ci +yx X Ui+ v TC.Ui + pxTC X; + pcT(Ci @ C))}
Q(d,v,p)
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Because U is not measured, the likelihood for the observed data is obtained by integrating over

the binary U. We obtain

L, BE,X 6,7, p) o« [[|PViXi, Ci,U = 0)P(X,, Ci,U = 0) +

i=1

!

n

_exp{Y;(a—i—ﬁXi + £TC’Z-)}
11 oy X
1l texpla+8X; + & Ci}
exp{ox X; + ¢)CTCi+pXTCiXi+pCT(CiEBCi)}+
Q(o,7,p)
exp{Y;(a + BX; + STCZ- + A}
1+exp{a+B8X;+ £7Ci+ )}
exp{(¢px +7x)Xi + (pc + v¢)' Ci+ px T C: Xi + pc?(C;® C;)}
Q(e,v,p)

- (8)

This likelihood function is readily computed over points in the parameter space. We can
calculate acceptance ratios for Metropolis updating to implement Bayesian inferences. One
computational challenge is that the denominator (¢, 7, p) in the loglinear model becomes
prohibitively expensive to compute for large p. In practice this is is not a problem for p less
than 15, and alternatively, fast approximations for loglinear model fitting are available (Besag
1977).

We sample from the posterior distribution P(c, 3, €, X, @, v, P, b, 03, o%|data) using Metropo-

lis updating in blocks (Gelman et al., 2004). We update sequentially from the densities

. 8,611 L] [, ol [v]] [y 03] (03],

which are conditional on the data and remaining model parameters. We update (o, 3, €), A,
(¢, p) and ~ using a random walk with proposal distributions that are scalar or multivariate
t-distributed with small degrees of freedom and with scale matrix equal to the identity matrix
multiplied by a tuning parameter that is set by trial MCMC runs. Updating 0% and (p., 03) is
straightforward because they are conditionally conjugate under an Inv-x? prior (Gelman et al.,
2004).

Updating the bias parameters A and ~ is challenging because the data reveal little about

either quantity. As discussed in McCandless et al. (2007, 2008) and Gustafson (2009), the
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model for unmeasured confounding in equations (4) and (5) is nonidentifiable. Different points
in the parameter space give identical likelihood functions for the data. This can lead to slow
MCMC mixing of (A, 7). Furthermore, the hierarchical priors in equations (6) and (7) have a
marginal multivariate ¢ distribution. See McCandless et al. (2008) for details. This distribution
has heavy tails that exacerbate sampler convergence in nonidentifiable models. For example,
during posterior updating the pair (A, o3) are correlated and may drift away from zero.

One pragmatic solution to speed convergence is to estimate o3 and (uw,a?{) beforehand
using the results of Sections A and B of Table 2, and then substitute the estimates into the
prior distributions of equation (6) and (7). We compute the sample mean and variance of the
regression coefficients that are obtained from maximum likelihood estimation. This approach
chooses the shrinkage parameter from the data in a manner akin to empirical Bayes. It trades
the marginal ¢ prior for A and ~ with a Gaussian prior that has lighter tails, rapidly improving

sampler convergence.

3. Analysis Results for the Beta Blocker Data
3.1 Full Bayesian Analysis

We fit the model in equations (4) and (5) to the beta blocker data and estimate the association
between X and Y while adjusting for C' and the unmeasured confounder U. In the beta blocker
data, we are concerned about confounding due to unmeasured indications of illness. For this
reason, we fix C' to include only the ¢ = 9 comorbidity variables listed in Table 2 because they
are informative about patient illnesses. The remaining p — ¢ = 21 — 9 = 12 covariates are not
measures of disease (e.g. age and gender) and they are included via a separate linear terms in

the regression model for the outcome. In other words, we substitute equation (4) with
logit[Pr(Y =1|U, C, €)] = a+8X+¢eTC+E& €+, (9)

~T ~ ~
where “...+ & C +..."” refers to the 12 non-disease covariates, denoted C', and we assign flat

priors to €. Furthermore, we keep the model for P(X, C, U) exactly as written in equation (5)
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and exclude a model for the distribution of covariates C'.

We run a single MCMC chain of length 1000 000 after 100 000 burn-in iterations. As
discussed in Section 2.3, sampler convergence of the bias parameters (A, 7y ) is not ideal because
of nonidentifiability, and long simulation runs are required to calculate posterior summaries. To
improve convergence we estimate the hyperparameters in equations (6) and (7). We obtain the
sample mean /i, = 0.71 and standard deviation ¢, = 0.93 by averaging the log odds ratios in
Section B of Table 2 (see Figure 1). The sample standard deviation 6, = 0.57 is calculated from

the log odds ratios in Section A. These values are substituted into the prior so that MCMC

2

7) and o3 is not required. Sampler convergence is assessed using separate

updating of (., 0
simulation runs with overdispersed starting values and the diagnostics tools included in the R
package CODA (R Development Core Team, 2004).

To illustrate the impact of hierarchical priors on sampler convergence, Figure 2 show mixing
of selected components of pc. The top figures are generated from the Bayesian analysis output.
The bottom figures shows mixing of the same parameters after running a second additional
analysis which fits the loglinear model in equation (5) all by itself, with U = 0, v = 0 and
flat priors on ¢ and p. This second analysis is an identical Bayesian version of the maximum
likelihood analysis used to generate Section B of Table 2. In Figure 2, we see that hierarchical
priors improve mixing with more stable trace plots. The posterior distributions are shrunk
towards the common mean parameter i, = 0.71.

The results of the full Bayesian analysis are given in Table 1. The first column under
the heading “‘Naive Analysis” gives benchmark results for comparing different analyses. The
Naive Analysis consists of logistic regression of the outcome on treatment and covariates ignoring
unmeasured confounding (i.e. fitting equation (9) all by itself and forcing U = 0). The regression
coefficient for the beta blocker effect parameter 3 is -0.32 with 95% credible interval (-0.48, -
0.16), which is identical the results given in Section A of Table 2. The remaining rows in the

table give estimates of the comorbidity effects & and the covariate effects é .
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The second column with heading “Exchangeable Correlation” gives the results of fitting the
full Bayesian model of equations (4) and (5) with ~. non-zero and exchangeable with (p,vx)
according to the hierarchical prior of equation (7). The log odds ratio for the beta blocker effect
parameter 3 is -0.31 95% CI (-0.64, 0.08), but this interval estimate is much wider compared to
the Naive Analysis with length 0.72 versus 0.32. The reason is because the interval incorporates

uncertainty from unmeasured confounding. Similar results are given in McCandless et al. (2007,

2008).

3.2 Assessing Prior Sensitivity for ~c

Our modelling framework gives the opportunity to study the role of «¢ in adjustment for
unmeasured confounding. One issue is assessing the impact of assuming that v¢ = 0. Recall
many sensitivity analysis techniques assume zero correlation between measured and unmeasured
confounders in order to reduce the burden of prior elicitation. To explore prior sensitivity in the

beta blocker data, we change equation (7) and instead assign the prior

Yo =0
v, P~ N{py, 07}

(:U’WJ 0-3) X N—II]V-X2{/L0 =0, US/KO - 103; Vo = ]-0_37 0(2) = 10_3}7

The results are presented in the third column of Table 1 under the heading “Zero Correlation”,
meaning zero correlation between measured and unmeasured confounders within levels of treat-
ment. Because this prior permits yx to be non-zero, this implies that U is still a confounder for
the effect of X on Y because U is associated with X. The magnitude of the bias parameter vyx
is dictated by the hyperparameters (ji,, 6§) from Figure 1.

Table 1 reveals that fixing ¢ = 0 in the beta blocker data increases the posterior uncer-
tainty about unmeasured confounding. The credible interval for the beta blocker effect in the
Zero Correlation case is 10% wider relative to Exchangeable Correlation, with 95% CI (-0.67,

0.12) versus (-0.64, 0.08). Both analyses acknowledge uncertainty from unmeasured confound-
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ing, but only one analysis posits that adjustment for C' may reduce bias because of correlation
between C and U. Because the prior mean for ¢ is set at i, = 0.71, this implies that the anal-
ysis learns from dependence among the covariates (X, C') about the magnitude of correlation
between C and U.

To illustrate more clearly, we can repeat the analysis while toying with fixed values for ¢ .
Figure 3 demonstrates what happens to interval estimates for the beta blocker effect 5 when
we set yc equal to 0,1,...,5. The grey shaded region refers to the width and positioning of
the Naive Analysis interval estimate for 3. When = is large, the interval estimates collapse
towards the shaded region and we obtain inferences that are identical to assuming that there
is no unmeasured confounding. If U and C are perfectly correlated within treatment groups,
then it means that regression adjustment for C' eliminates bias from U. Within levels of C',
all subjects either have U or they do not. This forces conditional independence between U

and X given C', and therefore U is not a confounder. As an illustration, consider equation

(3), which can be written P(U = 1|X,C) = li’;iggj;jggfc};} When y¢ — oo we have
P(U =1]X,C) — 1 for all subjects who have non-zero C'. Thus U is conditionally independent
of X given C.

In Figure 3, the posterior means are shifted slightly towards zero relative to the Naive
analysis. This finding is also visible in the Zero and Exchangeable correlation analyses of Table
1. The reason for this shift is because of the informative prior on 3 in equation (6). We have set
oy = 0.57, which corresponds to the belief that a priori the log odds ratio  lies in the interval
(—1.96 x 0.57,1.96 x 0.57) = (—1.11,1.11) with probability 95%. In contrast, the Naive interval
is fit by maximum likelihood, which presumes a flat prior on j3.

An additional feature in the Exchangeable Correlation analysis is the interval estimates for
the log odds ratios & which govern the effect of comorbid illnesses on mortality are wider than

the other analyses. In contrast, the inferences for é in Table 1 are all essentially identical. The

reason is because when ~¢ is non-zero, then this implies that U is a confounder for the effect
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of C on Y. We have an association between U and Y and also between U and C'. Because
the magnitude and direction of theses associations are unknown, this inflates the interval esti-
mates for &, but has no impact on estimation of €. In adjusting for U, our loglinear model for
P(X, C,U) handles the variables X and C' in a manner that is symmetric, without assigning

special status to X because it is the putative treatment of interest.

4. Discussion

Recent years have witnessed new innovation in Bayesian techniques to adjust for unmeasured
confounding. A challenge with existing methods is that the user is often required to elicit prior
distributions for high dimensional parameters that model competing bias scenarios. This can
render the methods unwieldy. Similar problems are encountered in sensitivity analysis that use
large tables to present analyses over a range of bias parameter inputs.

In this paper we propose a novel methodology to adjust for unmeasured confounding that
derives default priors for bias parameters for observational studies with binary covariates. The
confounding effects of measured and unmeasured variables are modelled as exchangeable within
a hierarchical Bayesian framework. This operationalizes the intuitive idea that the confounding
from measured variables may be informative about unmeasured variables. This estimation strat-
egy is appealing in pharmacoepidemiology where confounding is largely the result of physician
prescribing preferences based on patient characteristics. Careful measurement and adjustment
for treatment indications may partially reduce residual confounding because of correlations
among variables.

We apply the method in a data example from pharmacoepidemiology and study the conse-
quences of assuming there is zero correlation between measured and unmeasured confounders
within treatment groups. As intuition suggests, power correlations tend to reduce uncertainty
about bias. Furthermore we can learn about such correlations from the data and then uses them

as an input in sensitivity analysis.
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A challenge with our methodology is assessing the adequacy of prior distributions and mod-
elling assumptions. Because U is totally unobserved it means that we cannot study the rela-
tionship between U and (Y, X, C'). Nonidentifiability will exacerbated the impact of the prior
distribution on the analysis results (Gustafson et al, 2009). One direction for future research is
to collect additional data for U in a subset of the population. For example, we could use ex-
ternal validation data from surveys. This approach is explored in the context of environmental

epidemiology by McCandless, Richardson and Best (2009) and Molitor et al. (2009).
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