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Introduction

Statistical bureaus often deal with the problem of providing statistics for small areas. The
main problem that arises is that data in small areas are sparse and it is difficult to produce
reliable estimates. In addition, it is seldom possible to obtain a sample from every small
area. For these reasons, to provide an estimate in a small area it is very convenient to
use information from other regions. The way information is borrowed from other regions
depends on the estimator, but it usually involves the use of regression methods.

Survey design
The design of a survey involves the definitions of the areas to be sampled, the domains
(sub-populations) and how the sample is obtained (randomly, etc.).

Direct estimators
This class of estimators are based only on the sample obtained in the survey. Hence, they
can only be used to provide estimates for the areas that have been sampled. Given that it

is very difficult to obtain a sample for each small area, the direct estimators are not very
reliable.

m-estimator
The m-estimator is only based on the sampled values of the target variable and the weights
defined in the survey design:

Yi prrECT = E Wi;Yij
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Model-based estimators

Given the limitations of the direct estimators, it is often useful to use a model to provide
estimates for all the areas, including those for which no sample has been obtained. When
only area level data are available, the following model is assumed:

Y; = P0X; +e

where 3 is the regression coefficient (which is estimated from the data) and e; is the sampling
error (assumed to be known).
If data are available at the individual level, then the model used:

Yij = PTij + ui + e
where z;; are the covariates for individual j in region ¢, u; the eflect of area ¢ and e;; the
individual variability.
In matrix form, these models can be written as

Y =X+ Zu+c¢

Z represents the structure of the area random eflects and can be used to model different
types of effects. The variance of u is denoted by D and that of € by V. Then, the variance
ofYisX=2ZDZ'+V.

Once an appropriate regression model has been fitted to the available data, the estimated
model parameters can then be used to construct different types of estimators of Y; in each
area.

Synthetic estimator
The synthetic estimator i1s based on a linear model on some covariates:
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Yi syntH(4) = BX;

Generalised Regression (GREG) Estimator
This estimator can be defined in different ways depending on how covariates are used, but
a convenient form is:

Yicree = 0Xi+ Z wij(Yij — 23;0)
JES;
where (3 is obtained by weighted regression. This estimator is similar to the synthetic
estimator but correcting correcting for the average residual difference between observed
and fitted values in each area. This estimator combines aggregated and individual data.

Composite estimator
This estimator is a compromise between the direct and synthetic estimator, with the aim
to reduce the bias of the former and the variability of the latter:
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Yicompr =%Yipirecr + (1 — %) YisynTH

where 7; is a shrinkage coefficient between 0 and 1.

(E)BLUP estimator

This is similar to the synthetic estimator but an estimate of the area effects is also employed
using an unbiased linear predictor. In particular, the posterior expectation of the area effect
oiven the data.

Eluly = i = DZ/S; (Y, — X.5) (1)

where the s subindex refers to the sampled areas or unats.
Then, the BLUP estimator becomes:
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Y Brup(a) = BX; + U, (2)

Spatial EBLUP
The Spatial EBLUP is based on (1) and (2) assuming a SAR or CAR interaction between
the small areas. In the SAR case, the model is

Y =8X+ U —pW)] u+e

where W is the adjacency matrix.

Bayesian estimation

The Bayesian paradigm can be used in SAE to provide estimates for small areas. Using the
the model presented before, the posterior mean of the area estimates is exactly the BLUP
estimators described before. However, Bayesian models are more flexible and additional
spatial and temporal effects can easily be incorporated maintaining the same estimation
methodology, which is always made by means of Markov Chain Monte Carlo techniques.

Y;|B,u;, 02, 0%, ~ N(X;8 + zu; +v;,07)

w;| o2 ~ N(0,0?)
UZ"U_Z', O'g ~ OAR(O'S)
fB) ol
O'i ~ GCL_l(CLQ, b())
O'g ~ Ga‘l(al, bl)

Assessing the quality of a model
In order to assess how good is the performance of a given estimator, we have used the
Average Empirical Mean Square Error
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AEMSE = Z;(YZ- - Y)
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Note that this criterion only takes into account the fitting of the model but not its complex-
ity and that more complex models tend to fit better. In a Bayesian setting, the Deviance
Information Criteria can be used to assess the quality of the model and penalise for its
complexity:

DIC =D +pp

where D posterior mean of the deviance and pp the effective number of parameters.
Example

Description of the simulated data

We have considered 42 small areas for which we have simulated the complete population.
For each individual, we have simulated a covariate which 1s used in turn to generate the
target variable using a linear regression with coeflicient 3 = 0.21. The total population is
40236 with an average population of 239.5 . The sample size has been chosen at random
between 3 and 15. The area effects have been generated so that there is spatial interaction
between neighbours. A SAR specification with spatial correlation 0.85 .

Results
METHOD AEMSE @; (3 (s.d.) 6 (s.d)  Moran's I 4, *
m-estimator 217.211
GREG 34.914 Yes 0.205 (0.009) 0.418
Synthetic (Area level)  489.641 | 0 0.206 (0.031)
Composite (Area level)  416.090 | 0
EBLUP (Area level) 154.957 | Yes 0.206 (0.031) 0.309
EBLUP (Unit level) 36.775 | Yes 0.201 (0.008) 0.408
SEBLUP (Area level) — 101.427 Yes 0.212 (0.025)  0.752 (0.135) 0.470

METHOD AEMSE| w;  ( (s.d.) DIC (pp)  |Moran’s I u; *
Bayesian (Area off) 191.681 Yes 0.202 (0.033) 282.364 (30471)|  0.275
Bayesian (+CAR) 167.553 | Yes 0.198 (0.025) 282.451 (38.626)  0.356**
Bayesian (CAR) 170.379 | Yes 0.191 (0.023) 306.321 (43.659) 0.300

* Moran’s I of the actual area effects is 0.499 .

** Only the spatial random effects have been used.

Acknowledgements
This work has been partly supported by BIAS Project, funded by ESRC.

We would like to thanks N. Salvati for providing the code for simulating the data and
computing the EBLUP and SEBLUP estimators.

References

* Ghosh M, Rao JNK (1994). Small Area Estimation: An Appraisal. Statistical Science,
9(1), 55-76.

* Rao JNK (2003). Small Area Estimation. John Wiley & Sons, Inc., Hoboken, New
Jersey:.

* Salvati N (2004). Small Area Estimation by Spatial Models: the Spatial Empirical Best
Linear Unbiased Prediction (Spatial EBLUP). Technical report, University of Florence,

Department of Statistics.
* Spiegelhalter DJ, Best NG, Carlin BP, van der Linde A (2002). Bayesian measures of

model complexity and fit (with discussion). J. R. Statist. Soc. B, 64, 583-639.




